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$(Ax, x)\geq 0\forall x\in H$ $A\geq 0$ $A$
$A\geq 0$ $A>0$ $A,$ $B\geq 0$
$A,$ $B$ $\alpha$-pmer mean # [20]
$A\#\alpha B=A^{\frac{1}{2}}(A^{-\frac{1}{2}}BA^{-\frac{1}{2}})^{\alpha}A^{1}\mathrm{z}$ , for $\alpha\in[0,1]$
$([8],[9])$ $([3],[13])_{\text{ }}$
Furuta inequality:
(F) $A\geq B\Rightarrow A^{u}\#_{\frac{1-u}{\mathrm{p}-u}}B^{p}\leq A$ and $B\leq B^{u}\#_{\frac{1-u}{\mathrm{p}-u}}A^{\mathrm{p}}$
for $p\geq 1$ and $u\leq 0$ .
1 ([13])
Satellite theorem of the Furuta inequality: If $A\geq B\geq 0$ , then
(SF) $A^{u}\#_{\frac{1-u}{\mathrm{p}-u}}B^{p}\leq B\leq A\leq B^{u}\#_{\frac{1-u}{\mathrm{p}-u}}A^{p}$
for all $p\geq 1$ and $u\leq 0$ .
$A^{u}\#\alpha B^{p}$ $A^{u}$ $B^{p}$ path
$\alpha=0$ $A^{u}\#\mathrm{o}B^{p}=A^{u},$ $\alpha=1$ $A^{u}\# 1B^{p}=B^{p},$ $0<\alpha<1$ $A^{u}$
$B^{p}$ t $\alpha=\frac{\delta-u}{p-u}$ $\delta=1$
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(1) $A^{u}\#_{\frac{\delta-u}{\mathrm{p}-u}}B^{p}\leq B^{\delta}\leq A^{\delta}\leq B^{u}\#_{\frac{\delta-u}{\mathrm{p}-u}}A^{p}$
$\max\{u, -1\}\leq\gamma<0$
(2)




$\Leftrightarrow$ $\log A\geq\log B$




Chaotic Furuta $\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ Let $A$ and $B$ be positive invertible operators. If $A\gg B$ ,
then
(CF) $A^{u}\#_{\frac{-u}{\mathrm{p}-u}}B^{p}\leq I\leq B^{u}\#_{\frac{-u}{\mathrm{p}-u}}A^{p}$
24
for any $p\geq \mathrm{O}$ and $0\geq u$ .
([14],[15],[18],[19])
Theorem A. Let $A$ and $B$ be positive invertible operators, then the followings are
equivalent.
(1) $A\gg B$ (i.e. $\log A\geq\log B$)
(2) $A^{u}\#_{\frac{\delta-u}{p-u}}B^{p}\leq|B^{\delta}f$or $u\leq \mathrm{O}$ and $0\leq\delta\leq p$
(3) $B^{u}\#_{\frac{\delta-u}{\mathrm{p}-u}}A^{p}\geq A^{\delta}f$or $u\leq \mathrm{O}$ and $0\leq\delta\leq p$
(4) $A^{u}\#_{\mathrm{p}}\iota_{\frac{-u}{-u}}B^{p}\leq A^{\gamma}f$or $u\leq\gamma\leq 0$ and $0\leq p$
(5) $B^{u}\mathfrak{p}_{1_{\frac{-\mathrm{u}}{-u}}}A^{p}\geq B^{\gamma}f\sigma ru\leq\gamma\leq 0$ and $0\leq p$.
Proof of Theorem A. Since $A^{u}\#_{\frac{-u}{\mathrm{p}-u}}B^{p}\leq 1$ by (CF), (1) implies (4) is given as
follows:
$A^{u}\#_{p-}\mathrm{L}_{\frac{u}{u}}^{-}B^{p}=A^{u}\# f_{\frac{-u}{u}}-(A^{u}\#_{\frac{-u}{p-u}}B^{p})\leq A^{u}\#\mathrm{L}_{\frac{u}{u}}--1=A^{\gamma}$ .
The equivalence of (2), (3), (4) and (5) are also shown similarly and the converse is the
case of $\delta=0$ .
$A>>B$ ([18],[19])
Satellite theorem of chaotic Furuta inequality: Let $A$ and $B$ be positive invenible
operators. If $A>>B$ , then
(SCF) $A^{u}\#_{\frac{1-u}{\mathrm{p}-u}}B^{p}\leq B$ and $A\leq B^{u}\#_{\frac{1-u}{\mathrm{p}-u}}A^{p}$
holds for any $p\geq 1$ and $0\geq u$ .





([4],[7]) $\ovalbox{\tt\small REJECT}$, $\alpha$-power mean
$A\mathfrak{h}_{s}B=A^{\frac{1}{2}}(A^{-\frac{1}{2}}BA^{-\frac{1}{2}})^{s}A^{\frac{1}{2}}$ $s\in \mathrm{R}$
$0\leq s\leq 1$ $\mathfrak{h}_{*}=\#\epsilon$
Grand Furuta inequality: If $A\geq B\geq \mathrm{O}$ and $A$ is invertible, then for each $1\leq p$
and $0\leq t\leq 1$ ,
(GF) $A^{-\mathrm{r}+t}\#\mathrm{p}1\dashv\mu_{5}(A^{t}\mathfrak{h}_{l}B^{p})\leq A$ and $B\leq B^{-r+t}$ #d \mu rr( $B^{t}\mathfrak{h}_{s}$ A
holds for $t\leq r$ and $1\leq s$ .
Satellite
([16])
Satellite theorem of the grand Furuta inequality. If $A\geq B>0$ , then for
$0\leq t\leq 1,0\leq t<p\leq\beta,$ $u\leq 0,0\leq\delta\leq 1$ and $\delta\leq\beta$, tu follouring holds.
(SGF) $A^{u}\#$ \mbox{\boldmath $\delta$}$0\sim$
$(A^{t}\# e_{\frac{-t}{-t}}\mathrm{p}B^{p})\leq(A^{t}\mathfrak{h}_{g_{\frac{-t}{-t}},\mathrm{p}}B^{p})\not\supset\delta\leq B^{\delta}$
$\leq A^{\delta}\leq(B^{t}\#_{\mathrm{p}}E_{\frac{-t}{-t}}A^{p})F\delta\leq B^{u}\#_{p\frac{-u}{-u}}\delta(B^{t}\mathfrak{h}L\preceq A^{p})$
$s=\rho_{\frac{-t}{-t}}p’ u=-r+t$ (GF)
(Figure 2) (SGF) $B^{u}$ $B^{t}\mathfrak{h}L-\underline{t}$ ! path
$\mathrm{p}-t$
$\delta$ ([17])
Theorem B. If $A\geq B>0$, then for each $t\in[0,1],$ $0\leq t<p\leq\beta,$ $u\leq \mathrm{O}$ and
























Proof. Since $1\leq \mathrm{g}_{\frac{-t}{-t}}p\leq 2$ and by using Theorem 1, we have the following:
$A^{t}\mathfrak{h}_{L_{\frac{t}{t}}^{-},\mathrm{p}-}B^{p}$ $=$





$=$ $B^{p}$ ( $B^{-p}\#_{\mathrm{p}}$ $A^{-u}$ ) $B^{p}=A^{u}\mathfrak{h}_{\mathit{4}_{\frac{-u}{-u}}}B^{P}$.






$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}2$ $p\leq\beta\leq 2p$
$($
\beta .
Theorem 2. For $A,$ $B>0$ , if $A\gg B$ and $u\leq t\leq 0\leq p\leq\beta$, then
(1) $A^{u}\#\alpha$ $(A^{t}\mathfrak{h}_{g_{\frac{-t}{-t}},\mathrm{p}}B^{p})\leq A^{t}\mathfrak{h}_{\frac{\alpha-t}{\mathrm{p}-t}}B^{p}$
(2) $B^{u}\#_{T^{\frac{-u}{-u}}}\alpha(B^{t}\# e_{\frac{-t}{-t}}\mathrm{p}A^{p})\geq B^{t}\mathfrak{h}_{\frac{\alpha-t}{\mathrm{p}-t}}A^{p}$
hol&for $t\leq\alpha\leq\beta$.
Proof. By (FC), we have $(A^{-\frac{t}{2}}B^{\mathrm{p}}A^{--i)^{\frac{-t}{\mathrm{p}-1}}}\leq A^{-t}$ .




(Figure 4) Theorem 2 (2)
Theorem 2
Corollary 4. Let $A,$ $B>\mathrm{O}$ and $A>>B$ . Then the following (1) and (2) holds.
(1) the case $t\leq\alpha\leq 0$ ,
$A^{u}$ # F----uu $(A^{t}\#_{\mathrm{p}}\beta_{\frac{-t}{-t}}B^{p})\leq A^{t}\#_{\frac{\alpha-t}{\mathrm{p}-t}}B^{p}\leq A^{\alpha}$
$B^{u}$ #\beta 0uu $(B^{t}\mathfrak{h}R_{\frac{-t}{-t}}\mathrm{p}A^{p})\geq B^{t}\#_{\frac{\alpha-t}{p-t}}A^{p}\geq B^{\alpha}$
(2) the case $0\leq\alpha\leq p$,
$A^{u}$ #7 0uu $(A^{t}\#_{p}\beta_{\frac{-t}{-t}}B^{p})\leq A^{t}\#_{\frac{\alpha-t}{p-t}}B^{p}\leq B^{\alpha}$
$B^{u}\#_{p^{-\frac{-u}{-u}}}\alpha(B^{t}\#_{\mathrm{p}}R_{\frac{-t}{-t}}A^{p})\geq B^{t}\#_{\frac{\alpha-t}{p-t}}A^{p}\geq A^{\alpha}$
Proof. (1) is obtained as follows: By (CF), we have $(A^{-}\mathrm{z}B^{p}A^{-\frac{t}{2}})^{\frac{-t}{p-t}}t\leq A^{-t}$.
Since $A_{1}=A^{\alpha-t}\gg(A^{-\frac{t}{2}}B^{p}A^{-\frac{t}{2}})^{\frac{\alpha-t}{\mathrm{p}-t}}=B_{1},$ $A_{1}^{t_{1}}\#_{\frac{1-t}{p1-}t_{1}\llcorner}B_{1}^{p1}\leq B_{1}$ holds for $t_{1}\leq 0$ and





The final inequality is obtained by Theorem 2.
chaotic
([u])
Theorem Fl. For positive invertible operators $A$ and $B,$ $A\gg B$ if and only if
(F1) $I\geq A^{-r+t}\#_{\mathrm{r}p\urcorner-\iota^{\frac{t}{+r}}}r-.B^{(p-t)\iota+t}\geq A^{-r+t}\#_{\ulcorner^{r-}\mathrm{p}-\urcorner t^{\frac{t}{.+r}}}.(A^{t}\#_{\epsilon}B^{p})$
hous for $t\leq 0,$ $t\leq r,$ $0\leq p$ and $\frac{-t}{\mathrm{p}-t}\leq s\leq 1$ .
Theorem F2. For positive invertible operators $A$ and $B,$ $A\gg B$ if and only if
(F2) $1\geq A^{-r+t}\#_{T\mathrm{p}\neg-t\cdot\overline{+r}}r-l(A^{t}\mathfrak{h}_{\epsilon}B^{p})\geq A^{-r+t}\#_{T\mathrm{p}\neg-t^{\frac{t}{+r}}}r-.B^{(p-t)s+t}$
holds for $t\leq 0,$ $t\leq r,$ $0\leq p$ and l\leq s\leq \sigma \preceq .
(F1) i $u=-\mathrm{r}+$ $s= \frac{\delta-t}{p-t},$ $t\leq 0\leq\delta\leq p$
$(\mathrm{F}1’)$ $I\geq A^{u}\#_{t^{\frac{-u}{-u}}}B^{\delta}\geq A^{u}\#_{T^{\frac{-u}{-u}}}(A^{t}\#_{\frac{\delta-t}{\mathrm{p}-t}}B^{p})$
(CF) 2 $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ A $A^{t}\#_{\frac{\delta-t}{\mathrm{p}-t}}B^{p}\leq B^{\delta}$
(F2) $u=-r+t,$ $s=\simeq-tp-t’ t\leq 0\leq p\leq\beta\leq 2p$
$(\mathrm{F}2’)$ $I\geq A^{u}$ # $(A^{t}\mathfrak{h}_{\mathrm{E}_{\frac{-t}{-\iota}},\mathrm{p}}B^{p})\geq A^{u}$ #7 -1
$B^{\beta}$
Theorem 1 $\beta=0$ (CF)
2 Lemma








$=$ $B^{p}(B^{-p}\#\mapsto-\mathrm{p}-\circ(B^{-p}\#\epsilon \mathrm{p}^{\frac{-\alpha}{-\iota}}A^{-t}))B^{p}\geq B^{p}(B^{-p}\#_{\mathrm{p}-\alpha}L-\mathrm{A}B^{-\alpha})B^{p}=B^{\beta}$ .
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